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In this paper are discussed a few theoretical aspects o f  the transfer, trapping, loss and annihilation of 
excitations as they occur in a photosynthetic system after a picosecond light pulse. A random-walk model is 
introduced to describe the dynamical behavior of the excitations in a domain and is used to calculate the 
parameter that determines the shape of the total fluorescence yield vs. pulse intensity curve in the case in 
which the reaction centers are all in the closed state (Paillotin, G., Swenberg, C.E., Breton, J. and Geacintov, 
N.E. (1979) Biophys. J. 25, 513-533). It is shown that this parameter depends critically on the number, X, of 
connected photosynthetic units in a domain. A master equation is postulated to describe the decay of the 
excitations in the case where the transition of the reaction center from the open to the closed state, induced 
by the capture of an excitation, is included. The trapping and loss of excitation in a mixture of open and 
closed reaction centers, generated in the course of the transfer process, is assumed to be described by an 
equation that is the equivalent for a single domain of the Vredenberg-Duysens relation (Vredenberg, W.J. 
and Duysens, L.N.M. (1963) Nature 197, 355-357). The master equation is used to find the total probability 
of loss per excitation, Ux(z) ,  and the total fraction of reaction centers closed, Vx(z) ,  as a function of the 
average number of excitations z created in a domain when the reaction centers are all in the open state 
before the pulse. It  is shown that, for most photosynthetic systems, an increase of Ux(z)  with z can occur 
only if ~, _< 3. It is further concluded that the combined measurement of U~(z ) and Vx(z ) can give detailed 
information about ~ and the parameters involved in the transfer process. 

1. Introduction 

In photosynthesis, the incident light excites the 
so-called an tenna  pigment  molecules, e.g., 
phycobilin, carotenoid or (bacterio)chlorophyll, 
and the excitations are efficiently transferred to a 
group of special antenna molecules which absorb 
at low energy, such as Chl a in green plants and 
algae, absorbing at about 680 nm, or BChl a, 
absorbing around 880 nm in most purple bacteria 
(B880) [1-4]. The excitations are further trans- 

ferred through the network formed by these spe- 
cial antenna molecules, until they either reach a 
reaction center and effective photochemistry is 
performed (charge separation) or are lost in the 
course of the transfer process due to fluorescence, 
triplet formation or internal conversion. The 
former event is usually referred to as ' t rapping' ,  
the latter as 'loss'. 

The study of energy transfer in photosynthesis, 
using the (bacterio)chlorophyll fluorescence yield 
as a monitor for the loss, has been a major theme 
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of research since Duysens' early work [1,5]. Im- 
portant questions have been, amongst others, the 
determination of the structure of the network of 
antenna molecules, the rates of energy transfer and 
loss on an antenna and the coupling of the reac- 
tion center to the antennae. It has been established 
that for most photosynthetic systems the network 
of antenna molecules is two-dimensional and the 
number of antenna molecules per reaction center 
lies between 40 and 400 [5,6]. 

The reaction centers can occur in a photochemi- 
cally active (open) state or a photochemically inac- 
tive or less active (closed) state. The capture of an 
excitation by a reaction center induces its conver- 
sion from the open into the closed state, the latter 
being stable in most experiments. In photosyn- 
thetic systems, the fluorescence yield depends on 
the fraction of reaction centers in the open state. 
The study of this phenomenon, using low intensi- 
ties of light, has been a widely applied experimen- 
tal approach. In purple bacteria, for instance, a 3- 
to 4-fold increase in the B880 fluorescence yield is 
observed [7-9] if, by light, the reaction centers are 
converted into the closed state in which the primary 
electron donor, a special pair of BChl molecules 
[10], is oxidized [11]. Similarly, in Photosystem II 
of green plants the Chl a fluorescence yield in- 
creases 4- to 5-fold upon reduction of the quinone 
electron acceptor of the reaction center [12-14]. It 
was found by Vredenberg and Duysens [7] that in 
purple bacteria the total fluorescence yield, 4~f, 
depends on the fraction, ~, of closed reaction 
centers in the system through the relation: 

~t = ff~/(1 - p.~ ) (1)  

where ~ is the total fluorescence yield observed 
with all the reaction centers in the open state and 
p is a constant that depends on the species [15]. 
From this relation they concluded that in purple 
bacteria several reaction centers share a common 
network of antenna molecules (the so-called 'lake 
model'). This conclusion was confirmed by Clay- 
ton [8,16] and later by Monger et al. [17], who 
studied the quenching of the fluorescence yield by 
carotenoid triplets, generated by a strong flash, in 
the purp le  bac te r ium Rhodopseudomonas 
sphaeroides. A similar conclusion was drawn for 
the antenna system of Photosystem II [11,15]. 
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To explain the observed fluorescence data it has 
been suggested that the reaction center does not 
act as a perfect trap and that an excitation arriving 
at a reaction center has a quite large probability of 
escaping back into the surrounding antenna net- 
work and resuming its migration [6,15,18,19]. In 
the context of the lake model this assumption can 
explain the hyperbolic dependence of (~f o n  £ [15]. 

For most photosynthetic systems the energy 
transfer can be adequately described as a random 
(incoherent) hopping of the excitations through 
the network of antenna molecules [6]. A random- 
walk description of the energy transfer was used 
by Montroll [20,21] to study the average trapping 
time in a photosynthetic system. His results, in 
particular those for two dimensions, proved to give 
a successful description. Recently, Den Hollander 
and Kasteleyn [22] have extended the model devel- 
oped by Montroll and calculated the trapping 
efficiency, introducing a finite probability of loss 
with each hop of the excitation and a finite proba- 
bility of escape from a reaction center. A similar 
extension was given by Kenkre and Wong [23] in 
the context of a master equation approach (see 
also Ref. 24 and references mentioned therein). 

In the last decade, measurement of fluorescence 
quenching due to biexcitation phenomena such as 
singlet-singlet annihilation [25], using high inten- 
sity picosecond laser pulses, has become a power- 
ful experimental approach to study the structure 
and the function of the antenna system. So far, the 
experiments have suggested that the antenna mole- 
cules are arranged in domains of limited size, each 
of which contains several reaction centers with 
their associated antennae (photosynthetic units). 
Within a domain no barriers for energy transfer 
exist, whereas between the domains cross-over of 
the excitations is impossible or at least severely 
restricted. An important goal has been to establish 
the number of connected photosynthetic units for- 
ming a single domain and to determine the bi-exci- 
tation annihilation rate constant on an antenna. 

Whereas the mono-excitation decay phenomena 
are easy to describe, the biexcitation decay phe- 
nomena are much more difficult to deal with. A 
rigorous treatment of the annihilation of several 
excitations in a domain has not yet been given and 
seems rather ambitious, even more so if trapping 
and loss are included. On the other hand, a variety 
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of approximative descriptions have been presented 
[24]. In an extensive study, Paillotin et al. [26], 
extending earlier work by Mauzerall [27] and 
Swenberg et al. [28], have shown how the number 
of connected photosynthetic units can be esti- 
mated given the shape of the time-integrated flu- 
orescence yield vs. pulse intensity curve. Their 
approach is based on the assumption that the 
energy transfer is sufficiently rapid, compared with 
the overall decay of the excitations, such that the 
excitation distribution in a domain is at all times 
close to random. The decay of the excitations is 
described by a Pauli master equation that includes 
both mono- and biexcitation decay terms. The 
reaction centers are assumed to be in a single fixed 
state, and therefore the theory is limited in that it 
describes only those experiments in which the 
reaction centers are either kept in the closed state, 
e.g., by applying continuous background illumina- 
tion [29], or are altogether absent [30]. 

The outline of this paper is as follows. In sec- 
tion 2 we discuss the results of Paillotin et al. and 
make a few critical remarks. Using a random-walk 
description of the energy transfer, we calculate the 
overall mono- and biexcitation decay rate con- 
stants that enter into the master equation describ- 
ing the decay of the excitations. These rate con- 
stants determine the shape of the total fluores- 
cence yield vs. pulse intensity curve and we ex- 
press them in terms of the rate constants associ- 
ated with energy transfer, trapping, loss and an- 
nihilation on the antenna and of the size and 
structure of the domain. In the random-walk 
model, the domain is a simple square lattice and 
the reaction centers are traps that are arranged 
periodically in this lattice, so that it can be divided 
into identical unit cells, each of which contains 
one trap. The unit cell is to be compared with the 
photosynthetic unit. All domains are taken as 
identical. In section 3 we compare the results 
obtained from the random-walk model and the 
master equation with those of a Monte-Carlo 
simulation of the combined decay processes. In 
section 4 we extend the theory to incorporate the 
effect of the transition of the reaction center from 
the open to the closed state, which occurs upon the 
capture of an excitation. To that end we postulate 
a Pauli master equation that is an extension of the 
one used by Paillotin et al. including this transi- 

tion, and we calculate the total fluorescence yield 
and the total fraction of reaction centers closed 
after the light pulse as a function of the pulse 
intensity. The overall mono- and biexcitation de- 
cay rate constants that enter into this master equa- 
tion are again found from the random-walk model. 
Section 5 is devoted to a discussion. 

This paper is concerned with a few theoretical 
aspects of energy transfer, loss, trapping and an- 
nihilation as it occurs in a photosynthetic system. 
In a subsequent paper [43], using the results pre- 
sented here, we analyze and discuss a series of 
experiments performed with the purple bacteria 
Rhodospirillum rubrum and Rhodopseudomonas 
capsulata. These experiments lead to accurate 
estimates of the various parameters involved in the 
energy transfer process in these systems. 

2. Trapping, loss and annihilation: a random-walk 
model 

To describe the fluorescence yield of a photo- 
synthetic system with closed reaction centers in a 
picosecond laser-pulse experiment as a function of 
the pulse intensity, Paillotin et al. [26] have pro- 
posed the following Pauli master equation for the 
decay of the excitations generated randomly in a 
domain: 

dpmi(t) 
dt (Yl(i+l)+12Y2i(i+l)}P"i+l(t) 

- { y , i +  12Y2i(i-  1) } p,,,i(.') (2) 

with pmi(0) = 3,,¢ Here p,,~(t) is the probability 
that at time t there are i excitations present in the 
domain given that at t = 0 there are m (0 ~< i ~< m), 
Y1 is the overall rate of decay due to loss and 
trapping for a single excitation in the domain and 
72 is the overall rate of decay for a pair of excita- 
tions due to the annihilation which may occur 
upon their collision. (We mention and consider 
hereafter the case where only one of the excita- 
tions involved disappears.) Annihilation due to 
simultaneous collision of three or more excitations 
is neglected. From Eqn. 2 Paillotin et al. have 
derived the average total fluorescence yield, ~f (z), 
as a function of the average number, z, of excita- 
tions generated in the domain. Using the fact that 



there are many domains in a photosynthetic sys- 
tem and that in an actual experiment the probabil- 
ity that a given domain has m excitations at t = 0 
is given by a Poisson distribution (with parameter  
z), they find: 

oo 1 ( - z ) *  ) 
q~f(z)=q~ 1+ Y'~ k + l  (r+l)...(r+k) 

\ , -1  
(3) 

where ~ is the low-intensity total fluorescence 
yield observed with all the reaction centers in the 
closed state (note that the fluorescence represents 
a fixed fraction of the loss) and r := 2y1/3, 2. 

In this description no specific assumptions are 
made concerning the size and the structure of the 
domain or the details of the decay processes on the 
antenna. It is, however, assumed that the excita- 
tion distribution may at all times be treated as 
random. As z is proportional to the pulse intensity, 
the parameter  r in Eqn. 3 can be estimated from 
the shape of the measured ~f vs. pulse intensity 
curve (in a semilogarithmic plot). From Eqn. 3 the 
value of z that corresponds to a given pulse inten- 
sity can then be found, which determines the 
number  of antenna molecules in a domain. Fol- 
lowing this approach Paillotin et al. were able to 
obtain a lower bound for the number of photosyn- 
thetic units in a domain of Photosystem II [26,29]. 
Similar results were obtained later by Van Gron- 
delle et al. [30] for antenna pigment-protein com- 
plexes from several purple bacteria and realistic 
sizes were found for the various complexes used. 

Using a random-walk description of the energy 
transfer, we shall derive an expression for r in 
terms of the rate constants of energy transfer, 
trapping loss and annihilation on the antenna and 
of the sizes of the domain and the photosynthetic 
unit. To do so we introduce a random-walk model 
that describes the dynamical behavior of the exci- 
tations in a domain. This model is as follows. The 
domain is represented by a square lattice, LD, of 
N D = m 2 lattice points and the reaction centers 
are represented by traps that are arranged periodi- 
cally in L D. For convenience we impose periodic 
boundary conditions on L D. The domain is di- 
vided into identical unit cells L of N = m 2 lattice 
points with one trap each. The unit cell represents 
the photosynthetic unit. The excitations are walkers 
that perform a simple random walk on L D, in 

495 

which steps can take place to nearest-neighbor 
lattice points with probability ¼. Further, with 
each step there is a probability e, independent of 
the walk performed, that a walker spontaneously 
disappears from the lattice. This represents the 
loss on the antenna. If a walker reaches a trap, 
there is a probability 1 - ~t that he is trapped and 
a probability */t that he escapes and continues his 
random walk as prescribed. Finally, if two walkers 
meet on a lattice point there is a probability 1 - ~/a 
that one of them annihilates the other and con- 
tinues his random walk, and a probability */a that 
both of them continue without annihilation. 

The probabilities e, ~t and ~a are determined by 
"the rate constants on the antenna. If kh, kl,  k t and 
k a are the rate constants for excitation transfer 
between two given neighboring antenna molecules, 
loss on an antenna molecule, trapping on a reac- 
tion center and annihilation in a collision of two 
excitations, respectively, then it follows that: 

kl kt 
e 4 k h + k j ,  1 - r / t  4 k h + k l + k  t , 

k a 
1 - ' q  a -  8 k h + 2 k  I + k  a (4) 

Using the random-walk model we shall now derive 
expressions for Y1 and 3'2 in Eqn. 2 in terms of the 
rate constants on the antenna and the sizes of the 
domain and the photosynthetic unit. This will be 
done by making use of a result of Den Hollander 
and Kasteleyn [22]. 

2.1.71 

The mono-excitation decay rate constant 2'1 in 
Eqn. 2 is the overall rate of decay due to loss and 
trapping for a single excitation in a domain (where 
it is assumed that the excitation has a random 
initial position). We have: 

Y1 = k~ +/~, (5) 

where/~ t denotes the overall rate of trapping. To 
find k t we consider the total probability, ft, that 
the excitation is trapped, which is given by ft = 
]~t / (kl  + ]~t)" It follows that: 

fct= k , f t / ( 1 -  f t )  (6) 
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and that we can write: 

v, = k,/(1 - f , )  (7) 

It therefore remains to find the probability ft. 
Because L D is a repeating structure of unit cells, 
we may consider the trapping and loss of the 
bxcitation on a single unit cell L only, with peri- 
odic boundary conditions. The probability ft then 
follows from Ref. 22, where it is shown that: 

- 1  

z = l - e  

(8) 

with GN(0; 2) the Green's function: 

aN(0; ~) = N ' ~  {1-  '~(~o~ ~, +oos 8~)) - '  
0 

=:( N(1-  z ) ) - ' +  ~u(0; Z) (9) 

where the summation runs over O = 2 7 r ( j l , j z ) / m  
with j, =0 ,  1 . . . . .  m - 1  ( i = 1 ,  2) and ½(cos 01 + 
cos 02) is the structure function of the simple 
random walk. 

If N k  I << k h we can use the following expansion 
derived in Ref. 22 (see also Ref. 20): 

,i>N (o; z)  = ,#,,, - ,I>~, ( 1 -  z ) +  o ( ~ ' 2 ( 1  - : ) 2 )  (lo) 

with: 

I~9 N = ~ -  llog N +0.195 + dg(1/N) (:ia) 

~v = 0.061N - (2 , , , r ) -  ' l og  N - 0 . 1 3 +  0 ( l / N )  ( l lb)  

To first order we have: 

lUk,  I 4k,)  } - '  
i,_- I < t + N  +-Z-, +1 (12) 

If k h <<k t and N>> 1, this reduces to ft = 
{ , t r - ~ ( k t / 4 k h ) N  log N + 1) -~, which is similar to 
an expression found by Pearlstein [31] and Knox 
[32]. If k t << k h, on the other hand, and N is not 
too large we have ft = k t / ( N k l  + kt), which is the 
expression given by Duysens [15]. 

Thus, combining Eqns. 7-9, we have an expres- 
sion for y~, the first rate constant in Eqn. 2. 

2.2. "7., 

The biexcitation decay rate constant 3'2 in Eqn. 
2 is the overall rate of decay due to annihilation 
for a pair of excitations in a domain (where it is 
assumed that the excitations have a random initial 
position). We write 3'2 =/~a. To find this rate con- 
stant we consider a pair of excitations in a domain 
without traps. Let f~ be the probability that in this 
case annihilation takes place, which is given by 
fa = k a / ( 2 k t  + ka)" It follows that: 

½~2 = k , L / ( 1 - L )  (13) 

It thus remains to find fa" We can use the results of 
Ref. 22 again by giving the following simple argu- 
ment. Let the two excitations be denoted by A and 
B. Suppose that for each step that A makes we let 
B make one extra step and, for that extra step, 
keep A fixed. Because the simple random walk is 
symmetric this obviously makes no difference if B 
has a probability 1 - e of surviving the extra steps. 
Moreover, the steps of B are well defined, the 
probability that B makes two steps at once being 
strictly zero. This excludes the possibility that B 
passes through A without interacting. The random 
walk that B now performs relative to A can be 
treated as if A were a fixed trap with escape 
probability ~la, except that it proceeds in time 
twice as quickly. Since we are interested in the 
total probability of annihilation only, we have: 

~a (14) 

an equation similar to Eqn. 8 with N, ~/t replaced 
by N D, ~/a" (The simple argument which leads to 
this result may easily be more formalized [24].) 
Thus, combining Eqns. 9, 13 and 14, we have an 
expression for "/2, the second rate constant in Eqn. 
(2). 

Combining Eqns. 7-9, 13 and 14, we finally get 
the desired expression for r, the parameter in Eqn. 
3: 

r = h ~x'~ (0; 4kh/(4kh + kl))+ (8kh +2kl)/ka 
~,N (0; 4 k h / O k ,  + k,))+ (4k,  + k , ) / k ,  



× ( 1 +  Nk~ [ ~,v (0; 4kh/(4kh + k,)) 

+ (4k h + k , ) /k t ]  ) (15) 

Here we have introduced the variable X ,= ND//N, 
which is the number of photosynthetic units in a 
domain. In Fig. 1 r is plotted as a function of ~ for 
a few choices of the rate constants on the antenna 
and the size of the photosynthetic unit. Note that 
if Nk t << k h << k t ,  k a and N not too small, it 
follows from Eqns. l l a  and 15 that r -- ~ log AN~ 
log N. Note further that the estimate of r obtained 
from experiments can, with Eqn. 15, yield infor- 
mation about ~, without knowledge of z. For in- 
stance Paillotin et al. found that for Photosystem 
II (for various temperatures) r > 5 [26]. With N --- 
300 and k t < 1012 s -1 ,  kl < 5 • 108 s -1, k h > 1012 
s -1, k a > 102kh [6,15] this leads to the estimate 
~ 1 0 .  

Before we conclude this section, we discuss in 
some detail the assumptions underlying Eqn. 2. 
This seems appropriate in view of the complexity 
of the combined decay problem and the need for 
approximations. 

Because of the trapping and annihilation of 
excitations that takes place in the domain, the 
excitation distribution, though initially random, is 
in general not random at positive times. This fact 
is neglected in Eqn. 2. Paillotin et al. have called 
this the ' r andom approximation' .  They have indi- 
cated that if the transfer of excitations is much 
faster than their decay, such that the average diffu- 
sion length of an excitation is much larger than the 
average distance between excitations, this ap- 

/t 
r 3C / ~  
t II I 

~¢ i" 

z, ,/  
1~ /z  

e C )  
----~x 

Fig. 1. Plot of • as a function of h for N = 7 x 7, k h = 2.103kt, 
k a =106kl  and (a) k t =103kt ,  (b) kt =104kt ,  (c) kt =105kl  . 
The dashed line is the function • = X log XN/log N. 

497 

proximation makes sense. It may be expected that 
then after each decay event the spatial arrange- 
ment of excitations is sufficiently randomized long 
before another excitation decays and that the exci- 
tation distribution is at all times close to random. 
We wish to point out, however, that the random 
approximation also makes sense under much 
weaker conditions. The reason for this is simple. If 
indeed the average diffusion length of an excita- 
tion is large compared with the average distance 
between excitations, then not only may it be 
expected that the excitation distribution is close to 
random, but also that the decay of excitations at a 
given instant is to a large extent independent of 
the excitation distribution as it is present in the 
domain at that time. If this is the case, the require- 
ment proposed by Paillotin et al. is too strong and 
there exist conditions under which the excitation 
distribution is not close to random, but may never- 
theless be effectively treated as so. This is im- 
portant  since, due to the presence of traps in the 
domain, diffusion of excitations is severely limited. 

To illustrate this argument we return to the 
random-walk model used to describe the dynami- 
cal behavior of the excitations in a domain. Con- 
sider the simple random walk performed by an 
excitation on the lattice L o .  Suppose that both the 
loss on the antenna and the annihilation are 
excluded and consider the average number of steps 
of the excitation before it is trapped, as a function 
of the position of the lattice point it starts from. 
Rosenstock and Marquardt [33] have shown that, 
except for lattice points that are close to a trap, 
this average is nearly the same for all lattice points 
provided that N, the number of lattice points per 
trap, is large. A more-or-less equal conclusion was 
drawn by Knox [6] from Monte-Carlo simulations. 
In Ref. 22 it is shown that the mean number of 
steps averaged over all lattice points is equal to 
N(dPN + ~ / t / ( 1  -- Tit)). If N _< 400 and k t >_ 2 k h ,  it 
follows from Eqns. 4 and l l a  that this average is 
less than approx. 4 N =  (2m) 2 and therefore that 
the average diffusion length of the excitation is of 
the order of the distance between two traps. 
Clearly, if the loss on the antenna and the annihi- 
lation are included, the average diffusion length 
will be even smaller. Thus, we see that, at least in 
the random-walk model, the condition proposed 
by Paillotin et al. is in general not satisfied, even if 
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the domain consists of a few photosynthetic units 
only. On the other hand, if N is large, the proba- 
bility that an excitation is close to a trap is at all 
times small, and so it may be expected that for 
example the rate of trapping is to a large extent 
independent of the excitation distribution as it 
evolves in time. 

It is hard to give the precise conditions under 
which the random approximation makes sense (let 
alone to establish these by a rigorous proof). It 
should nevertheless be clear from the argument 
given that it does make sense if both the density of 
the excitations and the density of the reaction 
centers in the domain are small. 

Another approximation in Eqn. 2 is that the 
overall rates of trapping and loss and the overall 
rate of annihilation for i excitations in a domain 
are given by 3'1i and ½ 3 " 2 i ( i  - 1), respectively. It is, 
however, not at all obvious that the trapping and 
annihilation of excitations, which are diffusion- 
limited processes, proceed exponentially in time, 
i.e., that they can be properly described by rate 
constants. They may very well not (the reader is 
referred to Refs. 24 and 34). We, therefore, pro- 
pose to interpret 3'1 and 3'2 as effective rate con- 
stants and to apply Eqn. 2 accordingly, restricting 
ourselves to time-integrated results only. The de- 
rivation of 3'1 and 3'2 given in this section reflects 
this interpretation. 

3. Monte-Carlo simulations 

To test the results obtained in section 2 from 
the random-walk model and the master equation, 
we have done a computer simulation. First we 
considered random walks of one or two excitations 
in the domain with or without traps, then random 
walks of many excitations subject to trapping, loss 

and annihilation. The random-walk simulation was 
performed either with the square lattice L o with 
N D lattice points, that represents the domain, or 
with one of its unit cells L with N lattice points, 
that represents the photosynthetic unit. Periodic 
boundary conditions were imposed on both. In the 
computer simulation each excitation was generated 
at a random position and was made to perform a 
simple random walk on the lattice according to the 
prescriptions outlined in section 2. The probabili- 
ties e, ~t and ~/a were chosen according to Eqn. 4. 

The results of the simulation are listed in Table 
I for N D = 2 8 × 2 8 ,  N = 7 × 7  ( ~ = 1 6 )  and the 
following choices of the rate constants on the 
antenna: kl = 5 • 108 s -1, k t = 1011 s - 1 ,  k a = 2. 
1013 s -1 and several values of k h ranging from 
k h = 101° s - l  to 1013 s -1. Columns 1 and 3 give 
the results for the total probability of trapping ft 
for one excitation with traps and for the total 
probability of annihilation fa for two excitations 
without traps, respectively. These are compared 
with the exact values, found from Eqns. 8 and 14, 
that are listed in columns 2 and 4. It is seen that 
an excellent agreement exists between theory and 
simulation in both cases. Columns 5 and 6 display 
the results for the total probability of annihilation 
3 ' 2 / ( 2 3 ' 1  + 3'2) for two excitations with traps, com- 
pared with the value found from Eqns. 7 and 13. 
Finally, columns 7 and 8 give the total probability 
of loss per excitation for several excitations with 
traps. Here a varying number of excitations was 
generated on L D and the total probability of loss 
was calculated for each number. Then Poisson 
statistics were used to obtain the result for an 
average of z = 16 excitations, i.e., one per unit cell. 
The results are compared with those found from 
Eqns. 3, 9 and 15. The once again excellent agree- 
ment between theory and simulation in all cases 

T A B L E  I 

Compar i son  between compute r  s imula t ion  (odd columns)  and  theory (even columns)  for N o = 28 × 28, N = 7 × 7 (X = 16), k t = 2. 

102kl ,  k a = 4 . 1 0 4 k l  and  (a) k h = 2-101kl ,  (b) k h = 2 . 1 0 2 k l ,  (c) k h = 2-103kl ,  (d) k h = 2 . 1 0 4 k v  The co lumns  are expla ined  in the 
text. For  each set of pa ramete r s  4 .104  s imula t ions  were performed.  

ft fa "/2/(2"rt + Y2) 'Pl (z  = 16) 

a 0.473 0.477 0.049 0.050 0.028 0.027 0.427 0.434 
b 0.750 0.751 0.305 0.307 0.103 0.100 0.141 0.147 
c 0.797 0.798 0.790 0.790 0.427 0.432 0.048 0.049 
d 0.802 0.803 0.941 0.942 0.758 0.762 



considered supports the assumption, formulated in 
section 2, that Eqn. 2 leads to a correct description 
of the time-integrated fractions of excitations that 
are lost, trapped or annihilated, under quite gen- 
eral conditions. We shall therefore continue, and 
use a similar type of approximate description in 
the case where we have a mixture of open and 
closed traps. 

4. Trapping, loss and annihilation: inclusion of the 
transition of the reaction centers 

In this section we extend the results obtained in 
section 2 to include into the description of the 
combined decay processes the transition of the 
reaction center from the open to the closed state 
(i.e., from an active to a less active state), which 
occurs upon the capture of an excitation. To do so 
we shall postulate a Pauli master equation that is 
an extension of Eqn. 2 including this transition. 
Besides the fact that the thus extended master 
equation gives a more complete description of the 
decay of the excitations in a photosynthetic system 
as it occurs in some experiments, there is at least 
one other important reason why it is interesting to 
include the transition of the reaction center. In the 
previous sections, where we have treated the reac- 
tion centers as being in a single fixed state, we 
have shown that the annihilation between excita- 
tions provides a means of determining the number 
)~ of photosynthetic units in a single domain. The 
reason for this is that the overall rate of annihila- 
tion depends on the size of the domain and so 
does the parameter r in Eqn. 3. If we include the 
transition of the reaction center we may hope to 
have a more critical means to determine )~, because 
also the rate at which the reaction centers are 
Closed depends on the size of the domain. This is 
important since, as has been pointed out by Pail- 
lotin et al. [26], the curves given by Eqn. 3 for 
different values of r have a nearly identical shape 
for r > 5. Consequently, the value of r cannot 
always be determined accurately from experiment 
and in many cases only a lower bound for ), can be 
obtained. An additional advantage of the inclusion 
of the transition is that we can calculate the total 
fraction of reaction centers closed after the pulse, 
a quantity which is experimentally accessible. 

We return to the random-walk model intro- 
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duced in section 2 and consider the lattice L D with 
traps that represents the domain. Now suppose 
that the traps can occur in two different states, 
open and closed, with trapping rate constants k{' 
and k c, respectively. Upon capturing an excita- 
tion, an open trap changes into a closed trap, 
whereas a closed trap remains closed. The model is 
otherwise unchanged. We define the correspond- 
ing effective overall trapping rate constants, k t 
and/7~, as in Eqn. 6, together with Eqns. 4 and 8, 
with k t replaced by k ° and k t. These represent the 
effective overall rates of trapping for a single 
excitation in a domain with the traps either all 
open or all closed. 

Initially all the traps are in the open state. After 
the light pulse, in the course of time, traps in the 
domain are converted into the closed state and 
mixtures of open and closed traps are generated. 
The overall rate of trapping of an excitation at a 
given instant depends on the fractions of open and 
closed traps present in the domain as well as on 
the arrangement of the two types of trap in the 
mixture. By the latter we mean the way in which 
the two states are arranged on the periodic sub- 
lattice of trapping points. In the following we shall 
make the assumption that the mixtures of open 
and closed traps are randomly generated. More 
precisely, we shall make the assumption that, given 
a mixture of traps, the trap that is closed next is 
' selected' randomly from the remaining open traps. 
This is, of course, an approximation. However, if 
both the density of excitations and the density of 
traps in the domain are small we may, for reasons 
similar to the ones discussed in section 2 with 
respect to Eqn. 2, expect that this is sensible. In 
fact, we may expect that in this case the overall 
rate of trapping is to a large extent independent of 
the arrangement of the two types of trap in the 
mixture and that the approximation is harmless. 
Then, as a simple argument shows, the overall rate 
of trapping in a domain with a given fraction x of 
closed traps is an average over the arrangements of 
the two types of trap. Let/Tt(x ) denote this aver- 
age. We write/Tt(x ) ,=/Tt(x ) +/~t(x) ,  where/Tt(x ) 
and/Tt(x  ) represent the contributions to/Tt(x ) by 
open and closed traps, respectively. Next, we take: 

/7°(x)  = ( 1 -  x)/~ t (16a) 

/7~(x) = x/7~ (16b) 



500 

TABLE II 

Computer  simulation of a random walk of a single excitation performed to obtain the overall rate of trapping for N = 7 × 7, h = 16, 
x =~3, k~' = 8.102kl,  kt _ c  _ 2.102k~, (a) k h = 2. 101kl, (b) k h = 2.102kl,  (c) k h = 2.103kl and several arrangements of open and closed 
traps. A diagram on top of a pair of columns indicates the arrangement chosen. Listed are the total probability of trapping by open 
traps (odd columns) and by both open and closed traps (even columns). These are compared in the last two columns with the 
theoretical average values ft°(~2) = kt(~)/(kl +/~t(~2)) and ft(~) = fft(~2)/(kl +/~t(~)), which follow from Eqn. 16. For each set of 
parameters and each arrangement 6.104 simulations were performed. 

a 0.260 0.497 0.267 0.501 0.268 0.501 0.268 0.505 0.273 0.501 
b 0.525 0.824 0.541 0.826 0.546 0.826 0.558 0.828 0.573 0.830 
c 0.692 0.897 0.698 0.900 0.697 0.900 0.704 0.903 0.706 0.901 

o r :  

£ , ( x )  = ( 1 -  x ) £  t + x £  t (16c) 

This is another approximation. 
Because in the following Eqn. 16 is of vital 

importance, we shall first discuss some additional 
arguments in favor of it. First of all, for ~ = 1 Eqn. 
16 is obviously ocrrect as x can take the values 0 
and 1 only. Furthermore, in Ref. 22 the total 
probability of trapping for a single excitation is 
solved for an arbitrary periodic mixture of traps. 
By making various choices for the unit cell of the 
periodic pattern, which now is chosen to represent 
the domain, one can calculate the function k t ( x  ) 

and assess the validity of Eqn. 16. This is easy to 
do for small values of X. For N =  7 × 7, ~ = 4, x 
=½,  k 1 = 5 . 1 0 8  s -1, k t = 4 . 1 0 1 1  s -1, k t = 1 0  H 
s - t  and k h ranging from k h = 10 t° to 1013 s -1 we 
find that Eqn. 16 is in error by less than 1%. For 
intermediate values of X we have done a computer 
simulation for several mixtures of open and closed 
traps and found that the overall rates of trapping 
that correspond to different mixtures are all within 
less than 10% equal to the value given by Eqn. 16. 
For most of the mixtures the agreement is better 
than 2%. A few results are given in Table II. 
Finally, for large values of ~ Eqn. 16c can be seen 
to be correct because it leads directly to Eqn. 1, 
the Vredenberg-Duysens relation. Indeed, from 
Eqn. 16c it follows that the total probability of 
loss, ~ l (x)  = k j / ( k  I + fit(X)), for a single excita- 

tion in a domain depends on x through the rela- 
tion: 

q h ( x )  = ¢'~/(1 - px) (17a) 

with: 

k t  - kt  (17b) 
P ]~, + k 1 

and q~ = k l / ( k  I + fro). This equation is the equiva- 
lent of Eqn. 1 for a single domain, where x, the 
fraction of closed traps in the domain, replaces Y, 
the macroscopic fraction of closed traps in the 
photosynthetic system, i.e., the average of x over 
all the domains. Since for systems of which the 
domains have a large number of traps most do- 
mains have an equal fraction of traps closed after 
a light pulse (this is an immediate consequence of 
the so-called weak law of large numbers, see Ref. 
35 and especially pp. 183, 202 and 210, problems 6 
and 7), it follows that Eqns. 1 and 17a are equiva- 
lent (apart from a trivial factor that gives the 
fraction of loss that consists of fluorescence). The 
validity of Eqn. 1 has been established for a num- 
ber of intact photosynthetic systems. In fact, as 
stated in the introduction, from Eqn. 1 it was 
originally concluded that in intact photosynthetic 
systems the reaction centers share a large common 
network of antenna chlorophyll molecules [7-9]. 
The value of p can be found immediately from 
experiment. It is important to note that p is de- 
termined entirely by the parameters of the photo- 



synthetic unit and does not depend on )~. If k °, 
k~ <<k h we have, by Eqns. 6 and 8, k t = k t / N  
and k t = k t / N  and Eqn. 17b reduces t o p  = (k t - 
k t ) / ( k  t + Nkt) ,  which is the expression proposed 
by Duysens [15]. Eqn. 16 is exact in this limit (cf. 
also Ref. 22). 

Having thus motivated Eqn. 16 - and it is 
particularly important to note that it holds for all 
values of )~ - we turn to the central issue of this 
section and introduce a Pauli master equation that 
describes the trapping, loss and annihilation of 
excitations in a domain with the transition from 
open to closed traps included. Let pm,ij( t)  be the 
probabili ty that at time t there are i excitations 
and j open traps in the domain, given that at t = 0 
there are rn excitations and n open traps to start 
with (0 ~< i ~< m, 0 ~<j ~< n ~< )~). We postulate that 
these probabilities satisfy the equation: 

de , , ,At)  - o j + l  
dt - ( ( i + l ) k t - - - ~  pm"'+lj+l(t) 

+ ½kai(i + 1)}p, . . i+ 1 ; ( ' )  

I - • • ! + ~kat(t-1)/pmnij(t) (18) 

with pm,~j(0)= 8miS, j- The various terms in Eqn. 
18 are easily understood by inspection. We merely 
remark that, to make the correct distinction be- 
tween open and closed traps, we have used Eqn. 
16a and 16b. Eqn. 18 is an extension of Eqn. 2 and 
in writing it down we must, of course, assume that 
the conditions for its approximate validity are 
fulfilled (see section 2), in other words, we again 
require that the densities of the excitations and the 
reaction centers in a domain are sufficiently small. 

We have used Eqn. 18 to calculate the average 
total probability of loss per excitation, U,(z), and 
the average total fraction of traps closed, V,(z),  as 
functions of z, the average number of excitations 
generated in the domain (with m given by a Pois- 
son distribution with parameter  z), and of n, the 
number  of open traps at t = 0. The derivation is 
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given in the Appendix. We present the results here. 
For the limiting case k a = 0, i.e., with the anni- 

hilation between excitations excluded, we find: 

.t) ,19a, 

V n ( z ) = l f , ( z  ~) (19b) 
~, "\tL' 

with/~ := ( i t  - k'_--t ) / k t ,  ~' == (let - Fct ) / ~ (  kl + ~:t ), 
~ := k l / ( k  I + k t )  (which is the total probability 
of loss for a single excitation with all the traps 
closed) and: 

n 

/ ( "k z)/ X 1 - e x p  1+ i,k ~ (19c) 

If initially all the traps are in the open state we 
take n = )~. It is easily shown (see the Appendix) 
that if k t > k t and k I > 0, both Ux(z ) and Vx(z ) 
are monotonically increasing functions of z. Fur- 
thermore, Vx(z ) is concave, whereas Ux(z ) is con- 
cave if and only if 2 p 2 >  )~ (3p-1 ) ,  where p is 
given by Eqn. 17b. The latter implies that Ux(z ) is 

O 4  o3~ 
O.1 10 
0 z/X ~~\\\\X\ 

= ? 

? 
0 I 2 3 d5 1.0 zl)- ~ V)(z) 

Fig. 2. P|ot of (A) Ux(z ) and (B) Vx(z ) as a function of z/~k 
for ka=O , ]~t=lOkl,  kUC=kl and (a) ~,=1, (b) ~ = 4 ,  (c) 
~, =10. 

Fig. 3. Sketch of 1/(zUx(z))' vs. Vx(z ) for k a = 0, ff~' =10kl ,  
fit = k] and (a) ~ =1, (b) ~ = 4, (c) h =10. The dashed line is 
the theoretical asymptote for )~ ~ o o .  
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concave if p < ½ and not concave if p >1 ½ (note 
that p ~< 1), irrespective of )L Thus, one should be 
careful to draw conclusions about )~ from the 
concavity of the experimentally observed total flu- 
orescence yield Vs. pulse intensity curve. The limit- 
ing behavior of Ux(z ) and Vx(z ) for z ~ 0 and 
z ~ ~ can be found by using the two identities, 
for all v: 

~-~ ( k ) ( _ v k ) k ( l + v k ) . - k - 1  - n v  
l + n v  k--I 

and: 

n 

k~ (;) ( k)'~-'(l k)"-' - - P  + V  = / 7  

= 1  

It follows that Ux(z ) = ff], Vx(z ) = (1 - ~°l)z/)~, 
z ~ 0 and Ux(z ) = q,~(1 - (t~)~/z)), Va(z) = 1, z 
~ .  In Fig. 2 Ux(z ) and Vx(z) are plotted for a few 
values of 2~ and a particular choice of the parame- 
ters /~t and /~t. It is seen that both functions 
depend sensitively on h. In Fig. 3, the inverse of 
(zUx(z))' is plotted vs. Vx(z ). As )~ increases the 
curves tend to converge to a straight line with 
slope 1 /q ,~ -  l /q,] .  This supports the equivalence 
of Eqns. 1 and 16c for large domains. It is further 
interesting to note that there exists the relation: 

v~(2)=,~,(a-~V~(z)) (20) 

(which also follows directly from Eqn. 18). 
Next we turn to the case k a > 0. For this case 

we find that U,(z) and V,(z) are given by: 

v.(O=,. ~ (-,)~-'u., 
k! (21a)  

k - I  

v.(z)=¢. ~ (-z)~-'z°"~ k! (21b)  
k - - I  

with q,.:= k l / ( k  I +/~,(1 - n/h)), ~/',:=/~t/)k2(kl +. 
/~t(1 -- n /X))  and the coefficients U.k satisfying the 
recurrence relation: 

k + a n ~nj~,, u.k+,=k----~u.k fl,,_,(k+fl.)u._,k, k ) l  (22) 

with Unl = 1 and with a , :=  2n~':t/h~:., ft,:= 2(kl 

0.10 

 ol, ~ O.O5 

-2~ 6 2X io 
210g Z 

/Z / /  /11 
t l I / 

o bl I ¢11 

05 //I /11 / 

i 
- 2 ~  0 ~.~ 50 

- ~2 log  z 

Fig. 4. Plot of  (A) Ux(z  ) and (B) Vx(z ) as a function of 2log z 
f o r N = 7 x 7 ,  kh=2 .102k l , (  ) k~ = 8 . 1 0 : k ]  a n d (  . . . .  
_ . )  o k t - 8 . 1 0 3 k l ,  k c = 2 - 1 0 2 k ] ,  k a = 4'  104k] and (a) X = 1, 

(b) X = 4, (c) X = 16. 

0.5 

041 

~ ° ~  

01 

- 25  0 2~ 50  

2log z 

tO 

t 

- 2..5 0 2 . 5  5 .0  

2log Z 

Fig. 5. Plot of  (A) Ux(z  ) and (B) Vx(z ) as a function of 21og z 
for N=7×7, A=16,  k t = 8 . 1 0 2 k l ,  k [ = 2 . 1 0 2 k l ,  k . = 4 .  
104kl  and(a)  k h = 2 . 1 0 1 k l , ( b )  k h = 2 . 1 0 2 k l , ( c )  k h = 2 -103kj .  
T h e  dots are the results of  a Monte-Carlo  simulation for z = 16 
(see section Monte-Carlo  simulation).  In (A) the dashed lines 
represent the function Uo(z), the average total probabil ity of 
loss per excitation in case initially the reaction centers are all 
c losed,  

10 

to f 

0 0 
- 25  0 2.5 50  - 2 .~  0 2 .5  5 .0  

----lit" 2'log z ~ 2log z 

Fig. 6. Plot of  (A) Ux(z ) and (B) Vx(z ) as a function of 21ogz  
for k = 1 0 ,  /~' = 1 9 k  I, k--~ = 5.2k= and (a)/~a = 1.14k~, (b)/~= = 
1.14.101kl, (c) k a = l .14 .102kv 



+ ]~t(1 - n /A)) / ]~ a (for n = 0 the second term is to 
be omitted); the coefficients v,k satisfy an identical 
recurrence relation, but with vnl = n. Thus, the 
functions U , ( z )  and V,,(z) follow recursively for 
n = 1 . . . . .  A. We have been unable to find expres- 
sions in closed form for Ux(z) and Vx(z ). The 
recurrence relations are, however, easily pro- 
grammed into a computer to find accurate numeri- 
cal estimates for Ux(z ) and Vx(z), provided that A 
and z are not too large. Figs. 4 -6  display the 
dependence of the functions Ux(z ) and Vx(z ) on 
A, k h and k a, respectively (for Fig. 4 two values of 
k t are chosen). In addition, the results of a 
Monte-Carlo simulation of the combined decay 
processes, including the transition of the reaction 
center, are shown in Fig. 5 for z = 16 (see section 
3). 

From the numerical results we draw the follow- 
ing conclusions. First we observe that for very 
small values of A (and k t not too small) Ux(z ) 
shows a characteristic maximum for small z, 
whereas for larger values it is monotonic. From 
Eqns. 21 and 22 it follows that U;,(0)> 0 if and 
onl__y if ax__> f l x_- l /  ( f lx  - f ix- l )  or 2 k t / k  , > A( k 1 
+ k ' ~ ) / ( k  t - k~) - 1. If N k  I << k h << k t, k a, and 
for N not too small, we have, by Eqns. 6 and 13, 
2 k t / k  , = A log A N / l o g  N. For A << N this is close 
to A and if k-t ° >/~t it follows that the maximum 
occurs only if: 

X ~ p / ( 1 - p )  (23) 

where we have used Eqn. 17b. Note that p does 
not depend on A. Thus, for each set of parameters 
k I > 0 ,  k ° > k  t>~0 ( 0 < p < l )  we have an upper 
bound for A, beyond which no maximum is possi- 
ble. The experimental value of p found from Eqn. 
1 for a number of photosynthetic systems is about 
0.75 [15], so that A < 3 is required. This is pre- 
sumably too small for a system for which Eqn. 1 is 
found to hold. If  the open reaction centers are 
weak traps even smaller values of A are required, 
whereas if they are very weak traps the maximum 
cannot occur at all. A maximum for Ux(z) may be 
observed for larger values of A, but only if k a is 
small [36]. 

Next we observe that the functions Ux(z ) and 
Vx(z ) both vary strongly with A, k h and k a. The 
balance between trapping, loss and annihilation 
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depends on all the parameters involved. For exam- 
ple, in Fig. 4 it may be observed that for small A, 
the number of excitations per reaction center, z / A ,  
required to close about 90% of the traps is rela- 
tively small, whereas for larger A it is considerable. 
Furthermore, in Fig. 5 it may be observed that for 
large values of k h trapping is very efficient at low 
intensities and that at high intensities annihilation 
takes over, resulting in a rather marked depen- 
dence of Ux(z ) and Vx(z ) on z. This in contrast to 
smaller values of k h, where much higher intensities 
are required to shift the balance in favor of annihi- 
lation. The 'balance effects' at different pulse in- 
tensities are the main reason why measurements of 
the fluorescence yield and the fraction of traps 
closed after a light pulse provide a useful tool to 
study the parameters that are involved in the 
energy transfer process in a photosynthetic system. 

5. Discussion 

In this paper we have discussed a few theoret- 
ical aspects of trapping, loss and annihilation of 
excitations as it occurs in a photosynthetic system 
after an intense picosecond laser pulse. The ap- 
proach that we have followed to study the total 
fluorescence yield and the total fraction of reac- 
tion centers closed, as a function of the pulse 
intensity, is based on a Pauli master equation, 
which describes the decay of the excitations in a 
domain, and a random-walk model, which de- 
scribes the dynamical behavior of the excitations. 
Using the random-walk model we have expressed 
the overall mono- and biexcitation decay rate con- 
stants that enter into the master equation in terms 
of the rate constants on the antenna. 

We have made a number of approximations. 
These are all related to the degree of randomness 
of the excitation distribution between successive 
decay events and the effect that a lack of such 
randomness has on the decay processes as they 
evolve in time. Although we have not been able to 
formulate the exact conditions under which the 
master equation may be applied, it should be clear 
from the analysis given that the theory is correct 
under quite general conditions, provided that the 
densities of the excitations and the reaction centers 
in a domain are small. Monte-Carlo simulations 
support this conclusion and have made it clear 
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that accurate results can be obtained up to rela- 
tively large densities. Nevertheless, it would be 
nice if this could be made into a more precise 
statement and if a proof could be given for the 
correctness of some of the most essential ap- 
proximations made. 

At several points the theory is susceptible to 
refinement. For instance, the trapping of an exci- 
tation may proceed via one or more intermediate 
steps [37,38], each requiring a certain amount of 
time, or the formation of quenching triplet states 
at high pulse intensity may not be negligible 
[17,39,40]. Such additional complications could be 
accommodated for in Eqns. 2 and 18. Further: 
more, in the random-walk model the excitations 
and the traps are treated as 'point-like objects', 
that interact on a single lattice point only, and the 
transfer of excitations is restricted to nearest- 
neighbor antenna molecules. This is, of course, an 
idealization. More realistic cases may be investi- 
gated. It should be emphasized that the choice of a 
more sophisticated random-walk model has no- 
thing to do with the master equation. It manifests 
itself only in the rate constants k t, k t and ffa, etc., 
and Eqns. 2 and 18 are formally not affected. 

The latter is true also for Eqn. 20. If in an 
experiment, instead of a picosecond laser pulse, a 
light pulse of microsecond duration is used, the 
average time between the creation of excitations in 
a domain is much larger than the average decay 
time of an excitation, even at high pulse intensity, 
and the annihilation can be neglected. It is easily 
shown that in this case the results for k a = 0  
derived in section 4 may be used. The parameters 
q~] and/~ = (q~]- q~)/q~](1 - q ~ )  in Eqn. 20 follow 
straight from experiment (as does the fraction of 
loss that consists of fluorescence [41,42]). From a 
comparison of the measured total fluorescence 
yield and the total fraction of traps closed as a 
function of the pulse intensity the number of 
antenna molecules per reaction center, N, can then 
be found. The parameter  u in Eqn. 19 is equal to 
(q ' ] -q '~)/M~],  so that ?~ also follows from the 
measurements. Thus, both N and X can in princi- 
ple be obtained without reference to a specific 
random-walk model. In a picosecond laser-pulse 
experiment, on the other hand, the annihilation is 
always present and competes with the closing of 
the traps. This allows, in general, for a more 

critical determination of N and X. In addition, ffa 
can be obtained. In this case, however, we have 
not found a simple relation between Ux(z) and 
Vx(z). 

Once k t, k~, k a, etc., are known, the parameters 
k I, k h, k t, k t and k a can be estimated using the 
random-walk model. It is here that the choice of a 
particular model, as in this paper, comes into play. 

In a subsequent paper we shall apply the for- 
malism discussed in this paper to analyze a series 
of experiments performed with the purple bacteria 
Rhodospirillum rubrum and Rhodopseudomonas 
capsulata. 

Appendix 

In this appendix we present the derivation of 
Eqns. 19, 21 and 22 from Eqn. 18, the Pauli master 
equation: 

dpmm'(t)dt {(i + l ) f f t~}pm. ,+ l ,+ l ( t )  

J +{(i+l)kl+(i+l)k~(1--X) 

+ 12ffai(i + 1) 'P,,,.i+ , , ( t )  

+12ffai( i -1 )  } P,.,.,j( t ) 

fort >~ 0. O<~i<~m, O<~j<~n<~X (A-l) 

with initial condition: 

p.,.o(O) = 8..,8,,j (A-2) 

Since both i, j and m, n occur as running indices, 
we find it convenient to define: 

p,,,..j(t)=-O, i>m or j>n  (A-3) 

We introduce the generating function: 

z.°(x,  y, ,):= (A-,) 
i--Oj--O 



and the Laplace transforms: 

, _  - s l  f i , . . u ( s ) . -  dte p . . . o ( t )  (A-5a) 

Z,,,. (x, y ,s )=fo°Cdte-s 'Z , . , . (x ,  y, t)  (A-5b) 

with Re s > 0. Obviously, by Eqns. A-4 and A-5: 

Z,..(x,y,s)= £ L xiYJb, . .U(s)  (A-6) 
i - - 0 j = O  

Next we introduce the set of functions fi*,k/(s), 
m >> k >/0 and n >> l >i 0, through the relation: 

E P * m n k l ( S ) f i k l i j ( S )  = 8 m i S n j  (A-7)  
k = 0 / = 0  

It is easily seen that this relation uniquely de- 
termines the set. From Eqns. A-2 and A-7 and the 
Laplace transform of Eqn. A-1 it follows that: 

P'~.k,( s ) = s8.~8., 

- ( A m  + B m .  + D m ( m - i ) )  

x (8~k+,8.,- 8.~,8.~) 

- Cmn(Smk+,Sn,+, -- ~mk+ tSnt) (A-8) 

where we have introduced the constants: 

A:=k,+¢,, s:=(¢,- ¢~)/x 

C:=fc° /X ,  D:= '2/~. (A-9) 

From Eqns. A-6-A-8 it follows that Z., .(x,  y, s) 
satisfies the equation: 

xmy n -- sZmn 

= ( A m  + Bmn + D m ( m - 1 ) ) ( 2 , . ~  - 2 , ,~_1~ ) 

+ Cmn(  Z . ._ ,n  - 2 m _ , n _ ,  ) (A-a0) 

The number m of excitations generated in the 
domain at t = 0 is given by a Poisson distribution. 
If  z is the average number generated, the average 
of Z,, ,(x,  y, s) over m is: 

2 , (x ,y ,s ,z) := £ z"e-~" - - - ~  Z,.. (x, y, s) (A-11) 
m--O 
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From Eqns. A-10 and A-11 it now follows that 
Z.(x,  y, s, z) satisfies the equation: 

e zd X)yn _ s 2  n 

~2 S , ) z ~ 2 .  + c,~( 2. - 2._,)  = Dz2-~--zZ2 . + ( D z  + A + 

(A-12) 

Since we are interested in time-integrated results, 
we shall need this equation only in the limit s ~ 0. 

First we discuss the loss. The average total 
probability of loss per excitation is equal to 
U~(z):= k j z - lu . ( z )  with: 

I0 £ z o-. £ £ u . ( z ) =  ~ d t  m! iPmmJ(t) 
m~0 i=Oj=0 

=slim ~x 2"(x'y's'z) .=y=l (A-13) 

Using Eqn. A-12 we find that for u , (z) :  

Dzu': + ( Dz + A + Bn ) u'. + Cnu. = 1 + Cnu._ l  (A-14) 

with initial conditions u,(O) = 0 and u',(0) = 1/(A 
+ Bn), corresponding to the total probability of 
loss for m = 0 and m = 1, respectively. Eqn. A-14 
is a differential-difference equation, from which 
the u, (z), n = 1 . . . . .  h, follow recursively. 

First we take D = 0. For this case we are able to 
obtain an expression for u,(z) in closed form. 
Eqn. A-14) reduces to: 

( A + Bn ) u'~ + Cnu n = 1 + Cnu. _ 1 (A-15) 

from which, with the appropriate boundary condi- 
tions, it follows that: 

Cn 
u n ( z ) =  (A + B n ) - l e x p ( -  h----+-~nz ) 

(A-16) 

By iteration we find: 

Z ]~ n k - 1  n - k  

(A-17) 
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where we have used the identity Z" ( n ) k = l  k 

( - x k ) k - l ( 1  + x k )  "-k = n, for all x. Substitution 
of Eqn. A-9 leads to Eqn. 19a with # = B / C  and 
v = B /A .  

Next we take D > 0. Also for this case Eqn. 
A-14 can be iterated, but the solution involves 
hypergeometric functions and is rather unpracti- 
cal. We have been unable to use it to find an 
explicit expression for u,(z) .  However, if we sub- 
stitute into Eqn. A-14 the power series: 

u,,(z)=(A+Bn)-' ~ ( - - 1 ) k - ' u ' k  k! zk (A-18) 
k=l  

we find that the coefficients Unk satisfy the recur- 
rence relation (Eqn. 22) with %:= C n / D  and 
&:= 04 + B.)/D. 

Next we discuss the fraction of traps closed. 
The average total fraction of traps closed is equal 
to V.( z ):= k°X-  2v.( z ) with: 

~ zrae-Z 
_ ,,,! ~ m, , , : ( t )  

22 A x = y = l  =s~01im ~TyZ,(x, y,s,z) (A-19) 

Using Eqn. A-12 we find that for o,(z): 

Dzo~'+(Dz+A+Bn)o~+Cnv,,=n+Cno,,_, (A-20) 

properties of U,(z) and V,(z)  that can be proved 
without much effort. For instance, if A, C > 0 and 
D = 0 it follows from Eqn. A-20 that V ' ( z ) >  O, 
for n > 0, z >/0. The proof is simple. For n = 0, 
Vo(Z )- -  0. For n > 0, v,~(0) > 0. Suppose that there 
exists a z* > 0 such that v'(z*) = 0 and vf,(z) > O, 
0 ~< z < z*. Then clearly v"(z*) < 0 and, by Eqn. 
A-20, v '_ l (z*  ) < 0. The proof proceeds by induc- 
tion. In a similar way it can be shown that v"(z)  < 
0, for n > 0 ,  z>~0, and that v,'" ( z ) >  0, for n > 0, 
z > 0 if v,"  (0) > 0. The latter condition holds for 
all n > 0 if and only if 2p 2 > X(3p - 1), by Eqns. 
17b, A-9 and A-20. It follows from Eqn. 20 that if 
B > O, U"(z )  < 0, for n > 0, z > 0 under the same 
condition, and that U,~(z) > 0, for n > 0, z >/0 
without restriction. 

Addendum 

While writing this paper the authors have 
learned that G. Paillotin, N.E. Geacintov and J. 
Breton have formulated a master equation theory 
to describe the decay of the excitations in a do- 
main when the transition of the reaction center 
from the open to the closed state (or the conver- 
sion of the antenna from a non-quenching singlet 
to a quenching triplet state) is taken into account. 
Their approach does not include the singlet-sing- 
let annihilation. (Geacintov, N.E. and Breton, J., 
personal communication.) 

with initial conditions v , (0)= 0 and v ' ( 0 )=  n / ( A  
+ Bn). Note the close resemblance of Eqns. A-14 
and A-20. For D = 0 we find the explicit expres- 
sion: 

1 n /'/ ).- 11+ 
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.(10x,( 
A+Bk l /  (A-21) 

which is the equivalent of Eqn. A-17. Substitution 
of Eqn. A-9 leads to Eqn. 19b. For D > 0, on the 
other hand, we can substitute into Eqn. A-20 a 
power series identical to Eqn. A-18, with U,k re- 
placed by v,k. The coefficients v,k are then found 
to satisfy a recurrence relation that is the equiva- 
lent of Eqn. 22. 

Further, there is a number of interesting 
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